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Avoidance model for soft particles. II. Positional ordering of charged rods

Eric M. Kramer* and Judith Herzfeld†

Department of Chemistry, MS 015, Brandeis University, Waltham, Massachusetts 02454-9110
~Received 5 November 1999; revised manuscript received 6 March 2000!

The phase diagram of parallel, charged spherocylinders is computed. The topology of the diagram is found
to be similar to the uncharged one, but there are several qualitative changes. Regions of phase coexistence are
significantly narrower and positional ordering is stabilized by the electrostatic repulsions. The nematic phase
occupies a very narrow zone. We suggest that soft repulsions between surfactant micelles may be responsible
for the absence of a nematic phase in most surfactant systems. We also present comparisons with the observed
nematic-smectic phase transition for fd and tobacco mosaic virus particles.

PACS number~s!: 82.70.Dd, 64.70.Md
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I. INTRODUCTION

In this paper we consider the phase diagram of para
monodisperse, charged spherocylinders. We limit consi
ation to parallel rods because theunchargedsystem has al-
ready been well characterized, both theoretically@1,2# and in
computer simulations. Stroobants, Lekkerkerker, and Fren
@3# performed Monte Carlo simulations of parallel rods i
teracting via strictly hard-core repulsions. They found a s
prisingly rich phase diagram. At large aspect ratios, the s
tem exhibits the phase sequence nematic-smectic-colum
crystalline with increasing concentration. The column
phase becomes unstable for aspect ratios belowL/D;3 and
the smectic phase becomes unstable belowL/D;1. Their
results were notable because it was a convincing demon
tion that the smectic phase could occur in a hard-core
tem, without an attractive potential.

This system has also inspired a number of theoretical
vestigations@1,2,4,5#. In particular, Taylor, Hentschke, an
Herzfeld @1# obtained semiquantitative agreement with t
results of simulations by combining a cell model for po
tional ordering with a scaled particle treatment of the flu
dimensions. This approach has the advantage of simpli
and we adopt it below.

The goal of this paper is to examine the influence of s
repulsions on the phase diagram of a well-characteri
model system. Soft repulsions introduce qualitative chan
which should be relevant for the behavior of lyotropic liqu
crystals and micellar systems. One important feature of
cellar systems is the prominence of positional ordering, s
that the nematic phase is either limited to a narrow range
concentrations or absent@6,7#. We shall see that this behav
ior may be due to soft repulsions.

The effects of soft repulsions are incorporated using
avoidance model described by Han and Herzfeld@8# and
Kramer and Herzfeld@9#. A variationalavoidance diameter
is introduced to account for the density-dependent sh
range order between the rods. In the first paper in this se
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@9#, we showed that this theory provides very good agr
ment with the equation of state for charged spheres and
produces the qualitative dependence of the isotropic-nem
transition of charged rods on salt concentration. Our
proach has several general similarities to that of Graf a
co-workers@10,11#, but it differs in important details and ou
results disagree with theirs in some significant respects.

The paper is organized as follows. In Sec. II we pres
the free energy for parallel, charged spherocylinders. T
avoidance model for soft particles and the cell model
positional ordering are briefly reviewed. Our results are p
sented in Sec. III. We discuss the dependence of the p
diagram on particle aspect ratio and ionic strength, and m
a comparison to the nematic-smectic transition of fd and
bacco mosaic~TMV ! virus particles. The paper is conclude
in Sec. IV.

II. THE MODEL

A. The avoidance model for soft rods

Consider a monodisperse fluid ofN spherocylinders in a
volumeV at temperatureT. The spherocylinders have a cy
lindrical length L and a hard-core diameterD0 . There are
also soft repulsions between the particles, which prod
short-range order. The avoidance model approximates
short-range order by assuming~1! an exclusionary zone
around each particle that extends to an ‘‘avoidance dia
eter’’ Da>D0 and~2! a flat particle distribution beyond. Th
result is that the excess free energy is divided into an
tropic piece and an energetic piece. Increasing the avoida
diameter decreases the energetic contribution and incre
the entropic contribution. The trade-off between the two d
fines a minimum free energy corresponding to an avoida
diameter that approximates the equilibrium short-range or
of the particles.

The entropic contribution to the free energyFS is approxi-
mated by the configuration integral for hard-core spheroc
inders of the same length and number density, but wit
diameterDa . The energetic part of the free energyFU is due
to the mean field of all particles outside the avoidance v
ume. For rods, we approximate this contribution by dividi
each rod intot segments with a pair correlation function

z~r !5ntg~r !, g~r !5H 0, r ,Da

1 r .Da ,
~1!
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ic
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PRE 61 6873AVOIDANCE MODEL FOR SOFT PARTICLES. II. . . .
and pairwise potential

ũ~r !5H `, r ,Da

u~r !5bU~r !, r .Da ,
~2!

whereb51/kT, andU(r ).0 is the soft part of the repulsiv
potential. The choice of an isotropic correlation function m
seem excessively crude for an application to parallel char
rods since~1! it does not give special treatment to charg
located on the same rod and~2! it does not include the ex
pected correlation between neighboring rods due to p
tional ordering. However, it was previously found that
large change inz(r ) had a relatively small effect on th
resulting phase diagrams@9,12#. We make the isotropy as
sumption for simplicity and for consistency with the prev
ous paper in this series, Ref.@9#. The reader is referred ther
for a more thorough discussion of the adequacy of the
proximation.

The equilibrium value of the total Helmholtz free ener
is determined by minimizing with respect toDa ,

F5minDa
~FI1FS1FU!. ~3!

The first term is the ideal gas contribution

bFI@T,V,N#

N
5 ln~nL3!21, ~4!

whereb51/kBT, n5N/V is the number density of sphero
cylinders, andL5(bh2/2pm)1/2 is the thermal wavelength
of one spherocylinder. The second term is the pha
dependent configuration integral for parallel spherocylind
with hard-core diameterDa . This is calculated in the nex
section, using the model of Taylor, Hentschke, and Herzf
@1#. The third term is the energetic contribution

bFU@T,V,N;Da#

N
5 1

2 tE dr u~r !z~r !

52pt2nE
Da

`

dr r 2u~r !. ~5!

The minimization in Eq.~3! is done numerically with a
downhill simplex minimization routine@13#.

B. Configuration integral

For the configurational entropy of parallel spherocyl
ders, we use the expressions derived in Refs.@1# and @2#,
based on the combination of a cell model for the positiona
ordered dimensions and scaled particle theory for the fl
dimensions. For example, the layered structure of the sm
tic phase is imposed by an infinite array of parallel wa
The configuration integral of the rods then factors into
piece due to the one-dimensional crystalline order perp
dicular to the walls and the two-dimensional fluid order p
allel to the walls. The term due to crystalline order is
straightforward phase space calculation, and the fluid term
approximated using two-dimensional scaled particle theo
The use of walls to enforce positional ordering exaggera
the degree of order in the system and forces all phase t
sitions to be first order. Its chief advantage is that it allow
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calculation of the free energy in closed form for each pha
We adopt the expressions of Ref.@1# with the following
change: the avoidance diameterDa is substituted for the bare
spherocylinder diameterD0 .

In the nematic phase there is no positional ordering a

bFS@T,V,N;Da#

N
52 ln~12fa!13

fa

12fa

1
C

3 S fa

12fa
D 2

~nematic!, ~6!

whereC5g(Da12L), g5(L1Da)/(L12Da/3)2, and fa

5n(pDa
3/61pDa

2L/4) is the particle volume fraction.
In the smectic phase, the volume is partitioned into lay

by planar walls oriented perpendicular to the spherocy
ders. The walls are spacedDs apart. It is required thatL
1Da<Ds<2(L1Da) to ensure that a layer can accomm
date the length of one and only one spherocylinder. The
energy is

bFS@T,V,N;Da ,Ds#

N
52 lnS 12

Da1L

Ds
D2 ln~12f2!

1
f2

12f2
~smectic!, ~7!

wheref25fagDs /(Da1L) is the fractional area occupie
by the spherocylinders in a layer. The smectic layer spac
found by minimizing the free energy with respect toDs is

Ds

Da1L
5

9

8h
$122 sin@ 1

3 arcsin~12h!#%, ~8!

whereh527fag/16 and the arcsine is defined to have t
range@2p/2,p/2#.

In the columnar phase the volume is partitioned in
close-packed columns of hexagonal cross section orie
parallel to the spherocylinders. The short diameter of
hexagon isDc . It is required thatDa<Dc<2Da to ensure
that a column can accommodate the width of one and o
one spherocylinder. The free energy~after minimization with
respect toDc! is

bFS@T,V,N;Da#

N
523 lnS 12

Da

Dc
D ~columnar!, ~9!

with

Dc

Da
5S 2)

p
gfaD 1/3

. ~10!

In the crystalline phase, there is one particle per cell. E
cell is a hexagonal tube of lengthQ and short diameterDx ,
capped at each end by half a rhombic dodecahedron. W
Q50, this reduces to a space-filling packing of rhomb
dodecahedrons. Minimization of the free energy with resp
to Q gives Q/Dx5L/Da . Minimization with respect toDx

givesDx5Da(fa /fa
cp)1/3 and the free energy
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bFS@T,V,N;Da#

N
5123 lnF12S fa

fa
cpD 1/3G ~crystalline!,

~11!

where fa
cp is the close-packed volume fraction of paral

spherocylinders,

fCP5
p

3&

~Da1 3
2 L !

~Da1~A3/2!L !
. ~12!

C. Choice for the potential u

In this paper we are mainly interested in the effects
electrostatic repulsions on the phase diagram. We there
assume a net chargeQe is distributed evenly along the cyl
inder axis, wheree is the proton charge. The charge per u
length isn5Qe/L. For calculations in which we divide th
charge amongt segments, the charge per segment isqe
5Qe/t.

The electrostatic repulsion between polyions depends
the ionic strength of the solution,I 5 1

2 (Zi
2ni whereni and

Zi are the concentration and valence of speciesi and the sum
is over all species except the polyions. The two length sc
characterizing the electrostatic repulsion are the Bjerr
length jB5be2/e, wheree is the dielectric constant of th
solvent, and the Debye-Huckel decay lengthl
5(8pjBI )21/2. In water at 300 K,e578, jB57.1 Å, and
l5(3.0 Å)/AI whereI has units of molarity.

The Debye-Huckel expression for the electrostatic pot
tial between two point charges isu(r )5bU(r )
5q2(jB /r )e2r /l. For this potential, Eq.~5! may be inte-
grated to give

bFU

N
52pQ2njBl2S 11

Da

l De2Da /l. ~13!

Debye-Huckel theory is only valid for weakly charged sy
tems, such that the potential energy of an ion in solution d
not exceedkT. For higher charge, one must include the no
linear effects contained in the Poisson-Boltzmann~PB! equa-
tion @14#. We account for the nonlinear effects using Ma
ning’s theory of counterion condensation@15#. In its simplest
form, condensation theory ignores the details of the coun
ion distribution near the rod and assumes that a fraction
the charge on the rod will be neutralized due to nonspec
binding with counterions. For a salt solution in which th
counterions have valenceZc , theeffectivelinear charge den-
sity on a rod is predicted to be

neff5sgn~n!minS unu,
e

uZcujB
D . ~14!

The Debye-Huckel expression for the interparticle poten
may then be used without change, but is only strictly va
for distances greater than aboutl from the surface of the
cylinder @14#. Charge condensation thus sets an approxim
upper bound on our choice forn, or equivalently onQ. Most
of the published experiments on viruses use a monova
counterion, so we useuneffu<e/jB .

In addition to the nonlinear PB effects, described a
equately by Manning’s theory, there has been much rec
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research into possible attractive interactions between l
charged colloids@16#. Although the mechanism is still unde
debate, most proposals describe a short-range force~,l!
which increases in magnitude with the valence of the co
terionsZ. If attractive forces play a prominent role, then
different potentialu should be used and the resultingFU will
be significantly lower. In the experiments we discuss belo
monovalent counterions were used and attractions are
expected to be significant.

D. Phase coexistence

The conditions for phase coexistence are equality of p
sures and chemical potentials. The pressures in the nem
smectic, columnar, and crystalline phases are, respective

bp

n
5

1

12fa
F113S fa

12fa
D12CS fa

12fa
D 2G

1
bFU

N
~nematic!, ~15!

bp

n
5

1

~12f2!2 1
bFU

N
~smectic!, ~16!

bp

n
5

1

~12D/Dc!
1

bFU

N
~columnar!, ~17!

bp

n
5

1

~12D/Dx!
1

bFU

N
~crystalline!, ~18!

and in all cases the chemical potential per spherocylinde

bm5
bp

n
1

bF

N
. ~19!

III. RESULTS

In this paper we use parameter values suggested by
periments on virus particles in water@17#. The virus fd has a
bare diameterD0566 Å and lengthL58800 Å, with aspect
ratio 133. The fd particles are semiflexible, with a pers
tence length about 3L, so the rigid spherocylinders consid
ered here should be a fair model. Tobacco mosaic virus
ticles have a bare diameterD05180 Å and length L
53000 Å, with aspect ratio 16.7. TMV particles are infle
ible for most practical purposes. Particles of both viruses
highly charged atpH.7, with a linear charge densityn>
2(122)e/Å. Including the effects of counterion condens
tion @15# leads to an effective linear charge densityneff
52e/(7.1 Å). This givesQ51240 for fd and 422 for TMV.

Figure 1 shows the dependence ofDa on particle volume
fraction for a moderaten520.07e/Å ~about half of the ef-
fective charge density of the virus particles!. We see that the
avoidance diameter increases with aspect ratio and gene
decreases with increasing volume fraction. This is due to
greater entropic cost of avoidance for shorter particles
higher volume fractions. An exception to the latter trend o
curs at the phase transitions. There, an increase in free
ume due to particle alignment decreases the entropic co
avoidance.

Figure 2 shows the cell model results for the phase d
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gram of parallel, uncharged spherocylinders. This diagr
was first calculated by Taylor, Hentschke, and Herzfeld@1#.
~The phase boundaries have been shifted by;1%, correcting
a small error in the original numerical solution of Ref.@1#.!
The isotropic-nematic phase boundary for uncharged sph
cylinders with orientational freedom, calculated using sca
particle theory@18#, has been superimposed to provide
qualitative picture of the entire phase diagram of hard, r
shaped particles.

Figure 3 shows the dramatic changes resulting from
moderate charge density on the spherocylinders~n
520.07e/Å as in Fig. 1!. The effects are more pronounce
for larger aspect ratios, which in this plot correspond
higher total charge per particle. Although the phase tra
tions remain first order, all coexistence regions become v
narrow. We also see that, although the topology of the d

FIG. 1. Avoidance diameter vs solute volume fraction for fi
values of the spherocylinder aspect ratio. The dashed line at the
is for L/D05`. The four solid lines are for~bottom to top! L/D0

53, 7, 10, and 20. The effective linear charge density isn
520.07e/Å and the bare diameter isD0566 Å. The Debye-
Huckel decay length isl5D0566 Å, corresponding to an ionic
strength ofI 52.1 mM . Discontinuities occur at each phase tran
tion. Volume fractions have been normalized to the close-pack
volume fractionf0

cp defined as in Eq.~12! with Da5D0.

FIG. 2. Coexistence volume fractions vs aspect ratio for
charged spherocylinders. The predictions for the positional orde
transitions~solid lines! were calculated following the approxima
tions of Ref.@1# and the prediction for the isotropic-nematic tran
tion ~dashed lines! is derived from scaled particle theory@18#. I
5 isotropic phase, N5nematic phase,S5smectic phase,C
5columnar phase, andX5crystalline phase.
m

ro-
d

-

a
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gram has not changed, charge tends to stabilize the posi
ally ordered phases, especially the columnar phase, w
occupies most of the phase diagram forL/D0.20.

The approximations used have the following effects
the phase diagram.~1! The use of impenetrable walls to en
force positional ordering leads to an underestimate for
configurational entropy~and hence the stability! of position-
ally ordered phases. This tends to raise the coexistence
ume fractions.~2! As we have noted previously, the avoid
ance model tends to overestimate the energy of repulsion
low concentrations~see Ref.@9#!. This gives an overestimat
for the avoidance volume fractions at low concentratio
and thus tends to lower the coexistence volume fractions

As found previously for the isotropic-nematic~I-N! tran-
sition @9#, there is a prominent elbow in the coexisten
curves. The elbow is due to the abrupt change in the slop
the free energy whenDa decreases to its limiting value o
D0 . It is presumably an artifact of the use of a step functi
@Eq. ~1!# for the pair correlation in the avoidance model.

Figure 4 shows the phase diagram calculated as in Fig
but with the smectic phase removed. This is informat
since small amounts of length polydispersity can destabi

op

g

-
g

FIG. 3. Same as Fig. 2, but for charged spherocylinders w
bare diameter D0566 Å, effective linear charge densityn
520.07e/Å, and Debye-Huckel decay lengthl5D0566 Å ~the
same parameter values used in Fig. 1!. The predictions for the po-
sitional ordering transitions~solid lines! are from the present work
and the prediction for the isotropic-nematic transition~dashed lines!
is from Kramer and Herzfeld@9#.

FIG. 4. Same as Fig. 3, but with the smectic phase suppress
approximate the effect of length polydispersity.
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6876 PRE 61ERIC M. KRAMER AND JUDITH HERZFELD
the smectic phase in real systems. In comparison with
uncharged case~Fig. 2!, the region occupied by the nemat
phase in Figs. 3 and 4 is extremely narrow.

Figures 5 and 6 show the phase diagram versus io
strength for particles having the aspect ratio and lin
charge density of fd virus particles. Figure 6 provides a co
parison with experimental data for the isotropic-choleste
@19# and cholesteric-smectic phase transitions@20# of fd virus
particles. The fd virus particles exhibit a cholesteric pha
rather than a nematic phase, but the difference in free e
gies due to twist is expected to be very small@19,21#. The
predicted nematic-smectic~N-S! coexistence volume frac
tions show good agreement with the experimental data at
ionic strengths where electrostatic repulsions domin
However, the theory significantly overestimates the tran
tion density at high ionic strengths, where charges are w
screened. This is in contrast to the good agreement betw

FIG. 5. Ionic strength dependence of the ordering transitions
fd virus particles. Shown are avoidance model predictions from
present work for positional ordering~solid lines! and from Kramer
and Herzfeld@9# for orientational ordering~dashed lines!. Param-
eter values appropriate for fd virus particles: aspect ratioL/D0

5133 and effective linear charge densityneff52e/(7.1 Å). Volume
fractions have been normalized to the close-packing value,fCP

50.906.

FIG. 6. Comparison of theory and experiment for the ph
boundaries of fd virus particles. The theory is the same as in Fig
Data are from Tang and Fraden@19# for the isotropic-cholesteric
phase transition~circles! and from Dogic and Fraden@20# for the
cholesteric-smectic phase transition~squares!. The Debye-Huckel
decay length is shown on the axis at the top.
e

ic
r
-
c

e
r-

w
e.
i-
ll
en

theory and experiment for the I-N transition@9#. The discrep-
ancy in the N-S transition is therefore probably due to
tendency of the cell model to overestimate the coexiste
concentrations for positional ordering of hard rods@1#.

Figure 7 shows the phase diagram versus ionic stren
predicted for TMV virus particles. Limited experimental da
are available for the location of the nematic-smectic tran
tion in TMV. Wen, Meyer, and Caspar@22# were able to
bound the coexistence concentration between 156 and
mg/ml in 50mM Na borate at pH 8.5~I57 mM!. Hirai et al.
@23# observed coexisting nematic and smectic phases at
mg/ml in 10mM Na phosphate at pH 7.2~I523mM!. From
this we conclude that 7 mM is already the high salt concen
tration limit, and that there is no significant variation in th
phase boundary for higher ionic strength. The inferred
perimental phase boundary is shown as a gray bar in Fig
Theory and experiment both show no significant variation
the phase boundary beyond an ionic strength of 7 mM . How-
ever, the experimental N-S boundary occurs at about ha
the density predicted by theory. As we found for fd, t
agreement is better for the I-N transition@9,24#, suggesting
again that it is the tendency of the cell model to overestim
the concentrations for positional ordering of hard rods tha
responsible for the greater discrepancy in the N-S transit

Overall, the agreement between theory and experimen
worse for TMV than for fd. In particular, both of the orde
ing transitions in TMV solutions are generally observed
lower densities than predicted by the avoidance model. T
extends to the high ionic strength limit where electrosta
interactions are fully screened and the model reduces
hard particle model. The discrepancy is still greater when
experimental data are compared to Brownian dynam
simulations of theI-N transition of TMV@25#. These dispari-
ties between theory and experiment could be related to
tendency of TMV particles to form end-to-end aggrega
@26–28#. Such aggregation will increase the length of t

r
e

e
5.

FIG. 7. Ionic strength dependence of the ordering transitions
TMV particles. Shown are avoidance model predictions from
present work for positional ordering~solid lines! and from Kramer
and Herzfeld@9# for orientational ordering~dashed lines!. Param-
eter values chosen for TMV particles: aspect ratioL/D0517 and
dimensionless linear charge densityneff52e/(7.1 Å). Gray bar: the
region of nematic-smectic phase coexistence observed for TMV
Wen, Meyer, and Caspar@22# and Hirai et al. @23#. Symbols:
isotropic-nematic coexistence data from Fraden Maret, and Ca
@24# for pH 7.2 ~squares!, pH 8.0 ~circles! and pH 8.5~triangles!.
Volume fractions have been normalized to the close-packing va
f0

cp50.899.
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particles severalfold and thereby shift the ordering transiti
to lower density. The aggregation is less when electrost
repulsions are stronger~i.e., at low ionic strengths and/o
high pH’s @27# and the concentration is lower. As seen
Fig. 7, this is also where theory and experiment are in clo
agreement. Aggregation would also tend to increase poly
persity and thereby destabilize the smectic phase relativ
the columnar phase. In fact, order transverse to the par
axes has been observed by a number of workers@23,24,29#,
and the reported transverse periodicities of 300 Å in one c
@23# and 460 Å in another@29# are in the range of expecte
columnar spacings in the avoidance model. It has also b
observed that the narrowness of the smectic region in T
may be due to aggregation@22#, and that the smectic phase
more stable over time, and shows sharper reflections, f
special strain of TMV that has less tendency to aggreg
@26#.

It is interesting to contrast our results with those of G
and Lowen @11#, who calculated the phase diagram
charged spherocylinders with orientational freedom. T
most prominent difference is their prediction of a large
gion of nematic stability at low ionic strengths, leading to
reentrant nematic phase belowI 53 mM ~compare to Figs. 5
and 7!. The difference may be an artifact of the approxim
tions they use. Conspicuous among these are~1! their as-
sumption of a Maier-Saupe form for the orientation distrib
tion function in all phases, including the positionally order
phases,~2! the insensitivity of their ‘‘effective particle diam
eter’’ to packing constraints,~3! their ad hocaddition of a
negative constant~22.25kT per particle! to the free energy
of the nematic phase, and~4! the omission of the columna
phase from their calculations.

IV. CONCLUSIONS

In this paper we use the avoidance model for soft rep
sions to extend an earlier model for the phases of para
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spherocylinders. This provides a further test for the utility
the avoidance model developed in Refs.@8# and@9#. It is also
used to calculate the phase diagram of parallel char
spherocylinders.

Comparison with the nematic-smectic phase transition
fd virus particles shows good agreement under conditi
where electrostatic repulsions are important. On the ot
hand, at high ionic strengths, the agreement is poor. Un
these conditions electrostatic repulsions are attenuated
any other soft interactions will come into play. But soft r
pulsions of any kind should depress the density of the
transition, as well as the density of the N-S transition. T
poorer agreement between theory and experiment for the
transition seems more consistent with the known tendenc
the cell model to overestimate the densities for positio
ordering@1#.

As mentioned in the Introduction, surfactant systems ty
cally have a narrow or absent region of nematic stabi
@6,7#. With increasing density, cylindrical micelles typicall
make a transition directly from an isotropic to a hexago
~columnar! phase. It is evident here~see Figs. 3 and 4! that
soft repulsions can suppress the nematic phase. We w
like to suggest that a qualitatively similar effect may accou
for the lack of an observed nematic phase in many surfac
systems. Micelles are flexible and often charged, so soft
pulsions will be important for micellar phase diagrams. T
extent to which self-assembly might modify this conclusi
is a topic for future investigation.
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